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Abstract. Dissociation of charmonia in hot QCD is studied on a quenched
anisotropic lattice using standard plaquette gauge action and O(a) improved Wilson
fermion action. Simulations are carried out at temperatures in the range 0:88TC to
2:3TC . We calculate e®ective masses and Bethe-Salpeter wave functions for the ground
state (1S, 1P) and some excited states (2S, 2P) with variational analysis. To distinguish
between bound states and scattering states, we apply two methods: First, we compare
e®ective masses for charmonium correlation functions under di®erent spatial boundary
conditions. Because the scattering states are sensitive to the boundary conditions,
¯nite volume e®ects are expected when a charmonium dissociates. Second, we study
if the wave functions show a sign of scattering states which will be characterized by a
broad wave function. We ¯nd no clear evidences of dissociation for the charmonium
states up to 2:3TC so far.
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1. Introduction
To understand properties of quark-gluon-plasma (QGP) formed by a heavy ion
collision, it is important to study the behavior of heavy quarkonia above the critical
temperature TC . According to the J/Ã suppression scenario [1], J/Ã may dissolve in the
decon¯nement phase because of the color screening e®ect and the suppression of J/Ã
signals can be a evidence of QGP formation in heavy ion collisions at RHIC and LHC.
Recently, a sequential J/Ã suppression scenario [2] in which dissociation of Âc(1P) and
ª(2S) indirectly contributes to the suppression of total J/Ã yield is proposed. Therefore,
it is important to study dissociation of chamonia above the decon¯nement temperature
TC .
In lattice QCD, to investigate the dissociation temperature of chamonia, spectral
functions of chamonia were studied with the Maximum Entropy Method (MEM). These
studies indicate that S wave ground states survive up to about 1.5 TC [3, 4, 5, 6, 7] ,
on the other hand, P wave ground states dissolve just above TC [5, 6, 7]. There is no
detailed study about the dissociation of excited charmonia. These results look consistent
with the sequential J/Ã suppression scenario.
However, there are following two problems. First, the dissociation signal of P
wave charmonia in previous studies may be misleading because of the constant mode
contributions in meson correlation functions at ¯nite temperature. A study of the
constant mode in quenched QCD [8] suggested that especially P wave correlation
functions receive sizable contributions of constant modes above TC , which may disturb
extracting signals we are really interested in. Actually, when such contributions are
subtracted out from the meson correlation functions, P wave charmonia showed to
survive up to 1.4 TC , in contrast to the conclusion of previous studies [8]. Second, MEM
results are known to depend on the choice of the default model. It is not clear what
kind of default model is proper for meson spectral functions above TC . Therefore, a
crosscheck without Bayesian-type analyses is needed.
What can we expect on the lattice when a charmonium dissolve? First of all, it
should be kept in mind that the spectral functions on a lattice with ¯nite extent consist
of discrete spectra only, both below and above TC . Below TC , we will have discrete
peaks corresponding to the ground state and some excited states in the charmonium
spectral function. When all charmonium bound states fully dissolve above TC , the peaks
corresponding to these bound states should vanish and the discrete peaks corresponding
to the c-¹c scattering states will appear. Furthermore, we expect that bound state wave
functions have spatially localized shapes, while wave functions of c-¹c scattering states
extend spatially to large distances.
In this paper, we report on our study of charmonia dissociation. Our approach
consists of a combination of robust methods without resorting to Bayesian-type analyses.
First, we apply the midpoint subtraction method developed in [8] to separate out the
constant mode contributions from meson correlation functions. In principle, when a high
precision data of the correlation function is available up to large distances, the constant
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Table 1. The parameter Ai of the smearing functions.
i 1 2 3 4 5 6
Ai 0.02 0.05 0.10 0.15 0.20 0.25
mode can be identi¯ed by a MEM analysis too. In practice, however, with current
accuracy and the range of sensible data, we think that it is safer to explicitly subtract
out the contribution of the constant mode from the correlation functions. Second,
in order to extract both ground state and excited state masses, we adopt multi-state
variational analysis [9]. Furthermore, we calculate the Bethe-Salpeter wave functions of
these states from the spatial correlation function between c-¹c quarks to distinguish the
c-¹c bound states from scattering states: We investigate the spatial boundary condition
dependence of energy spectra at ¯nite volume [10] and the spatial distribution of wave
functions [11]. The energy of scattering states should depend on its relative momentum
which is quantized according to the spatial size and boundary conditions. On the
other hand, the spectrum of the bound states will not change against such exchange
of boundary conditions. Moreover, the wave functions for a bound state should be
compact, while those for a scattering state should extend to large distances and change
its shape depending on the spatial lattice size. Combining these tests, we may examine
if a charmonium dissociates.
2. Multi-state variational analysis
The meson correlation matrix in Euclidian space-time is de¯ned by
Cij(t) ´
X
~x
hO¡i (~x; t)O¡j (~0; 0)yi; (1)
with ¡ = °5, °i, 1 (i = 1; 2; 3) for pseudo-scalar (Ps), vector (Ve) and scalar (Sc)
channels, respectively. Here fO¡i j i = 1; 2; ¢ ¢ ¢Nstateg are smeared meson operators
de¯ned by
O¡i (~x; t) ´
X
~y;~z
!i(~y)!i(~z)¹q(~x+ ~y; t)¡q(~x+ ~z; t); (2)
with Gaussian smearing functions !i(~x) ´ exp(¡Aij~xj2). Table 1 shows our choice of
the smearing parameters Ai.
According to [8], the constant mode contribution becomes large in the decon¯ned
phase because the constant mode is due to wraparound contributions of single quark
propagators which are suppressed in the con¯ned phase. To separate out the constant
mode contribution from meson correlation functions, we study the midpoint subtracted
correlation functions C(t) de¯ned by
C(t) ´ C(t)¡ C(Nt=2)
=
Ã
c0 +
1X
k=1
ck cosh
·
mk
µ
t¡ Nt
2
¶¸!
¡
1X
k=0
ck
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= 2
1X
k=1
ck sinh
2
·
mk
2
µ
t¡ Nt
2
¶¸
: (3)
Here C(t) is the matrix of Cij(t) de¯ned in (1), c0 is a contribution of the constant mode
and Nt is the temporal lattice size.
We can extract ground and excited states in C by solving the generalized eigenvalue
problem,
C(t)~vk = ¸k(t; t0)C(t0)~vk (k = 1; 2; ¢ ¢ ¢ ; Nstate): (4)
Then e®ective masses of the diagonalized states M e®k are given by
¸k(t; t0) =
sinh2
·
Me®k
2
³
t¡ Nt
2
´¸
sinh2
·
Me®
k
2
³
t0 ¡ Nt2
´¸ : (5)
Next, the BS wave function of the k-th meson state Mk is de¯ned by,
Ãk(~r) ´
X
~x
h¹q(~x)¡q(~x+ ~r)jMki: (6)
In order to calculate the wave function, we de¯ne the spatial correlation function between
c-¹c quarks as,
Ci(~r; t) ´
X
~x
h¹q(~x; t)¡snkq(~x+ ~r; t)O¡srci (~0; 0)yi
=
1X
k=0
c
(i)
k Ãk(~r) cosh
·
mk
µ
t¡ Nt
2
¶¸
: (7)
Here c
(i)
k ´ hMkjO¡srci (~0; 0)yi is the overlap between the k-th meson state and the smeared
source operator O¡srci . To study S waves, we adopt ¡src = ¡snk = °5 and °i for Ps and
Ve charmonia, respectively. For Sc charmonium in P wave, we use a derivative source
¡src = °i(
Ã¡
@i ¡¡!@i ) to enhance the signal, with ¡snk = °i.
To separate out the constant mode, we de¯ne the midpoint subtracted spatial
correlation function ~C(~r; t) by
~C(~r; t) ´ ~C(~r; t)¡ ~C(~r;Nt=2): (8)
Here ~C(~r; t) is a vector whose i-th component is de¯ned in (7). Finally, the diagonalized
wave function which is normalized at ~r0 is given by
ªk(~r; ~r0) ´
~C(~r; t) ¢ ~vk
~C(~r0; t) ¢ ~vk
: (9)
3. Numerical results
3.1. Lattice setup
We study quenched QCD with the anisotropy » ´ as=at = 4. The gauge action is the
standard plaquette action with ¯ = 6:10 and a bare anisotropy parameter °G = 3:2108.
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Table 2. The number of gauge con¯gurations.
Ns = 16 Ns = 20 Ns = 32
local operator 800 800 200
derivative operator 300 300 200
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 0.4
 0.45
 0.5
 0.55
 0.6
 0.65
 0.7
 0.75
 0.8
 0.4  0.8  1.2  1.6  2  2.4
M
e
f f  
a
t
T/TC
Ve PBC, ground state
APBC, ground state
PBC, 1st excited state
APBC, 1st excited state
PBC, free
APBC, free
 0.35
 0.4
 0.45
 0.5
 0.55
 0.6
 0.65
 0.7
 0.75
 0.8
 0.4  0.8  1.2  1.6  2  2.4
M
e
f f  
a
t
T/TC
Sc PBC, ground state
APBC, ground state
MBC, ground state
PBC, 1st excited state
APBC, 1st excited state
MBC, 1st excited state
PBC, free
APBC, free
MBC, free
Figure 1. The e®ective masses for Ve (left) and Sc (right) charmonia. Cross, circle
and triangle symbols indicate the e®ective masses of the ground state with PBC,
APBC and MBC, respectively (see text for the de¯nition of MBC). Asterisk, square
and inverted triangle symbols indicate the e®ective masses of the ¯rst excited state
with PBC, APBC and MBC, respectively. Short bars shown near the left end of each
¯gure indicate the boundary condition dependence of energy spectra for the case of
free quarks.
For quarks, we adopt O(a) improved Wilson fermion action with tadpole-improved tree-
level clover coe±cients. Our actions and their parameters are the same as those in [12]
except for the choice of the Wilson parameter, r = 1. The spatial lattice spacing is
a¡1s = 2:030(13) GeV. Simulations are performed on N
3
s ¤Nt lattice, with Ns = 16; 20
and 32 and Nt = 32, 26, 20, 16 and 12, which correspond to T = (Ntat)
¡1 = 0:88 Tc,
1:1 Tc, 1:4 Tc, 1:8 Tc and 2:3 Tc respectively. (Critical temperature Tc corresponds to
Nt ' 28.) The number of gauge con¯gurations is shown in Table 2. We adopt the
Coulomb gauge ¯xing.
3.2. E®ective masses
In Fig. 1, we compare the e®ective masses under di®erent boundary conditions for the
ground state and the ¯rst excited state of Ve and Sc channel. We choose three boundary
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conditions, i.e. periodic boundary condition (PBC), anti-periodic boundary condition
(APBC) and mixed boundary condition (MBC). Here MBC is de¯ned by APBC in
the x-direction combined with PBC in y and z-directions. At zero temperature, the
ground state and the ¯rst excited state of Ve channel correspond to J=Ã(1S) and Ã(2S)
respectively, and the ground state of Sc channel corresponds to Âc0(1P). The e®ective
masses are calculated by the multi-state variational analysis with 4 £ 4 correlation
matrix on the 203 £ Nt lattice. Here we choose smeared operators with the parameter
A3; A4; A5 and A6 of Table 1 to obtain the largest overlap with the ground state and
the ¯rst excited state.
To see a typical magnitude of the boundary-condition dependence in the e®ective
masses, we study the energy spectra for the case of free quark in a box of (2 fm)3,
assuming that the charm quark mass is 1:3 GeV. Results are shown by short bars around
the left end of each plot in Fig.1. (Only relative di®erences in the vertical coordinates
are relevant for the bars.) For ground state P waves, we obtain the largest gap between
PBC and MBC. Therefore, we may naively expect a mass shift of about 200 MeV (500
MeV) for a ground (¯rst exited) state if the charmonium fully dissolve.
We ¯nd no evidence of mass shift with such magnitudes, for neither the ground
state nor the ¯rst excited state, up to a quite high temperature of about 2.3 Tc. We
note that the e®ective masses increase with temperature. This may be caused by the
small temporal extent at high temperatures, which makes it is more di±cult to extract
asymptotic signals reliably. At least, however, the lack of a mass shift under the change
of the boundary condition suggests that the contribution of scattering states, if it exists,
is negligibly-small up to 2.3 TC . Results for Ps charmonia are similar. This suggests
that these charmonia bound state persist up to 2.3 Tc.
3.3. Wave functions
We calculate the wave functions corresponding to the mass eigenstates diagonalized
by the multi-state variational analysis discussed in the previous subsection. When a
charmonium dissociates, corresponding wave function should extend to large distances
and show a sensitive dependence on the spatial size of the box. On the other hand,
when the charmonium persist as a bound state, the wave function will be compact and
not so sensitive to the spatial lattice size. Figure 2 shows the wave functions de¯ned
by (9) for the ground state and the ¯rst excited state of Ve and Sc channel at 2.3 Tc,
obtained on three di®erent spatial extent lattices of 323, 203 and 163. We ¯nd that, for
all charmonia we study, the spatial size dependence is small, and the wave functions are
compact. It suggests that the bound states are still dominant and we thus ¯nd no sign
of c-¹c scattering states up to 2.3 Tc, in accordance with the observation discussed in the
previous subsection.
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Figure 2. The wave functions for Ve (top) and Sc (bottom) charmonia at 2.3 TC .
Horizontal axis is the spatial distance in the x-direction. Left panels show the results
for ground states and right panels show those of the ¯rst excited states. Circle, square
and triangle symbols indicate data obtained on Ns = 32, 20 and 16 lattices.
4. Conclusions
We investigated if charmonia dissociates in high temperature QCD on quenched
anisotropic lattices. Adopting the multi-state variational analysis to extract ground
and ¯rst excited states, we examined spatial boundary condition dependence of e®ective
masses and investigated the shape and spatial size dependence of wave functions for these
states. From these studies, we found no sign of scattering states nor clear evidence of
dissociation, both for the ground and ¯rst exited states of charmonia in Ps, Ve and Sc
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channels up to the temperature of about 2.3 Tc, so far.
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